Generalizing [BrFa] we prove the existence of a bilipschitz embedded manifold of pinched negative curvature and dimension m1 + m2 − 1 in the product X := X 
Introduction
In [BrFa] the authors proved that the product X := H m1 × ... × H m k of hyperbolic spaces H mi admits an embedding of Y := H m1+...+m k −k+1 in X that is quasi-isometric in the sense that the Riemannian distance functions d X and d Y on X and Y are related via
with constants α, β ∈ R + , α > 1. In [Foe] this was generalized to the case of Riemannian products of certain types of warped products, that were shown to admit bilipschitz embeddings of warped products of negative sectional curvature. In this paper we further generalize this observation proving the The existence result of Theorem 1 implies the additivity of the hyperbolic rank for products of Hadamard manifolds with pinched negative curvature (compare [BuySch] ).
Given a metric space X consider all locally compact CAT (−1) Hadamard spaces Y quasi-isometrically embedded into X and let 
Proof of Theorem 1
It is convinient to have the following 
We now prove the
3) f has pinched convex levels and
is lipshitz equivalent to a Riemannian manifold of pinched negative sectional curvature.
Proof of Lemma 1:
First note that condition 2) implies that Y splits into a product Y = R × N such that a) R × p is orthogonal to N t := t × N for all t ∈ R and p ∈ N and R lies totally geodesic in Y , i.e. locally the metric is given by 
From 1) and 4) it further follows that d) the sectional curvature K(Σ) of any tangent plane Σ spanned by a vector tangent to N and the coordinate vector
Finally 1) can be rewritten as e) the norm of the curvature tensor R gY of g Y being bounded:
We now stretch the metric into the direction of grad f by some factor. Thus consider locally for λ = 0 the metric
In the following we indicate all objects coming from the metric h λ with an additional subscript λ.
Let Γ be an arbitrary tangent plane in T Y spanned by the two h λ -orthonormal vectors
The sectional curvature K λ (A + B, C) is given via
With that, equation (1) turns into
Since g Y | N = h λ | N the intrinsic curvature of N is independent of the particular choice of λ. The Gauss equation yields withB = µB, <B,B > λ = 1:
where the inequality follows from b). Thus equation (2) takes the form
Hence for λ ≥ and analogue to equation (3) one finds
Furthermore it is obvious that h λ is Lipschitz equivalent to g Y .
q.e.d.
Applying Lemma 1 we can prove the following
is Lipschitz equivalent to a Riemannian manifold of pinched negative sectional curvature.
Proof of Proposition 1:
As in the proof of Lemma 1 we first note that conditions 1) − 4) imply the following: X i is a product manifold X i = R×N i of the real numbers R and a n i -dimensional manifold N i and the metric g Xi is such that i) R × p is orthogonal to N t i := t × N i for all t ∈ R and p ∈ N i , and R lies totally geodesic in X i :
ii) the Riemannian embeddings N i −→ (X i , g Xi ) are strictly convex in the sense, that their second fundamental form tensors II i are strictly positive definite, i.e. ∀ A i ∈ T p N i with ||A i || i = 1:
iii) the intrinsic sectional curvatures' absolute values |K Ni (∆ i )| of any tangent plane ∆ i that is tangent to N i is bounded by some real number C i 1 : 
v) the norms of the curvature tensors R Xi of g Xi are bounded:
We now establish that the Riemannian embedding
satisfies the requirements a) -e) of Lemma 1:
b) Let V =B +C be the unique decomposition of an arbitrary vector V ∈ T (p,q) N into the sum of the liftsB,C of vectors B ∈ T p N 1 and Recall that n i := dim N i , i = 1, 2. Coordinates (t, y i ) in X 1 and (t,ỹ k ) in X 2 naturally induce coordinates in X = X 1 ×X 2 and thus 1 + n 1 + n 2 coordinate functions (t, y i ,ỹ k ) on Y . In the following the various indecies are i, j ∈ {2, 3, ..., n 1 + 1} and k, l ∈ {n 1 + 2, ...., n 1 + n 2 + 1}. With that one calculates
and R Y 11ik = 0, and therefore
Note, that in ( * ) we made use of
, i = 1, 2. With that we finally achieve
e) In order to show
we emphasize that the sectional curvature's absolute value |K Y | is bounded: Let therefore Γ be an arbitrary tangent plane in T Y spanned by the two g Y -orthonormal vectors
For the sectional curvature of Γ one has
.
Thus it sufficies to show that the terms A), B) and C) are bounded:
Thus it follows from condition v) that B) is also bounded. C) From |K gX i | < Λ i and iii) it follows from the Gauss equation that
are bounded by some constants for all g Xi -orthonormal systems {v i , w i }, which together with ii) implies the existence of constantsǫ i such that
Hence we find as in b) II
for all B ∈ T Y tangent to N of norm ||B|| gY = 1 one achieves
for all g Y -orthonormal systems {B, C}. Therefore it follows from the Gauss equation and condition c) that the term C) is also bounded. Now a) -e) ensure that we can apply Lemma 1. Thus the validity of Proposition 1 follows.
Corollary 1 Let (X 1 , g X1 ) and (X 2 , g X2 ) be two Hadamard manifolds with pinched negative sectional curvature −b
Then their Riemannian product admits a Riemannian hypersurface that is bilipschitz to a Riemannian manifold
Proof of Corollary 1: Write the factors in horospherical coordinates and apply Proposition 1.
Note that the additional boundary condition ensures that the horospheres' intrinsic curvature is also bounded ( [BuKa] ). It is for that reason that our method of prove requires this extra condition.
Y is bilipschitz to (Y, g Y ) it suffices to prove that the Riemannian embedding (Y, g Y ) is bilipschitz to (X, g X ).
Denote the Riemannian length function on Y , that is induced by the metric g Y := j * g X on Y , by d Y and that on X, induced by the Riemannian product metric g X , by d X . With that we find the inequalities
While inequality a) merely is a consequence of the fact that (Y, g Y ) is a Riemannian submanifold of (X, g X ), inequality b) requires more attention. Note that the idea for the following construction is due to Brady and Farb ([BrFa] ). We denote the various canonical projections as follows:
Consider an arbitrary differentiable curve c : [t p , t q ] −→ X connecting j(p) ∈ X with j(q) ∈ X. The idea is to construct a curvec :
Therefore we consider the projections c i := π i • c of c to the factors X i , i = 1, 2, that connect p i := π i (j(p)) with q i := π i (j(q)). The further projections t i • c i are continuous, thus the set
⊂ R is compact and therefore takes its maximum (t i0 • c i0 )(b) for some b ∈ [t p , t q ], i 0 ∈ {1, 2}. The continuous and piecewise differentiable curvec in Y we are going to follow from p to q consists of three differentiable segments v 1 , γ and v 2 as follows:
• γ is the curve keeping its projection to R constant:
• v 2 again has constant projection η
The length ofc := v 2 * γ * v 1 is the sum
where
Now we know that the natural diffeomorphisms φ 
Thus with (6) and (7) we can conclude that for an arbitrary curve c in X connecting two points j(p), j(q) ∈ j(Y ) ⊂ X there exists a curvec in Y connecting p and q with
Thus the required inequality b) follows by the definitions of the Riemannian length functions.
Finally note that the generalization to products of finitely many Hadamardmanifolds of pinched negative sectional curvature is straight forward using once again that products of quasi-isometric maps are quasi-isometric.
Proof of Theorem 2
Recall the definition of the hyperbolic rank as given in 
rank h X i , g i .
Proof of Lemma 2:
From the Morse' quasi-isometric lemma it easily follows that rank h (X i ) = dimX i − 1. From Theorem 2 we further conclude rank
and thus
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